Within a plane-wave approximation in scattering, an incoming wave packet's Wigner function stays everywhere positive, which obscures such quantum phenomena as non-locality and entanglement. With the advent of the modern electron microscopes with subnanometer-sized beams one can enter the genuinely quantum regime where the latter effects become only moderately attenuated. Here we show how to probe negative values of the Wigner function in scattering of a coherent superposition of two Gaussian packets with a non-vanishing impact-parameter between them (a Schrödinger's cat state) by atomic targets. For hydrogen in the ground 1s state, a small parameter of the problem, a ratio a/σ ⊥ of the Bohr radius a to the beam width σ ⊥ , is no longer vanishing. We predict an azimuthal asymmetry of the scattered electrons, which is found to be up to 10% when the impact-parameter is comparable to the beam width, and argue that it can be reliably detected. Production of subnanometer-sized Schrödinger's cat states and probing such purely quantum effects can open new perspectives in studying the interiors of atoms.
Introduction
There are not many examples where the widely used plane-wave approximation in scattering fails to work, see [1] [2] [3] [4] [5] [6] [7] . The incoming wave packets' density matrices in phase space, the Wigner functions [8] , turn out to be everywhere positive in the plane-wave regime, whereas their negative values may become prominent only when the beams are focused to a spot comparable to the Compton wave length, σ ⊥ ∼ λ c = /(mc), where m is the particle's mass [6] . However, when the wave function is not Gaussian or it represents a coherent superposition of packets, the genuine quantum effects arising from the Wigner function's possible negativity, such as non-locality and entanglement, may become noticeable at much larger scales. A simplest example here is a superposition of two coherent states separated by an impact parameter 2r 0 , |r 0 ± | − r 0 , the so-called Schrödinger's cat state widely used in quantum optics where the negative values of its Wigner function are successfully measured [9] [10] [11] and even teleported [12] . Other examples of the systems with the not-everywhere positive Wigner functions embrace ensembles of thousands of cold entangled atoms [13] , ultracold quantum bosonic gases [14] , twisted photons [15] , etc.
Here we show that scattering of a similar electronic cat state by atoms reveals quantum interference effects, inaccessible in the plane-wave approximation or even in the paraxial regime with the everywhere positive Wigner functions. Applying a theory recently developed by us in [16, 17] , we demonstrate that a small parameter of the problem turns out to be a ratio of the potential radius a to the beam width σ ⊥ , which is 1/α ≈ 137 times higher than λ c /σ ⊥ for hydrogen (a ≈ 0.053 nm is a Bohr radius). As beams of the modern electron microscopes have already been focused to anÅngström size spot [18] , one can enter a genuinely quantum regime of scattering where the projectiles behave like true quantum systems with the probability density being spatially inhomogeneous on the atomic scale. One may call this a deeply non-plane-wave regime, in which the Wigner functions are treated non-perturbatively (cf. [6] ) and the packets' width in the momentum space is not necessarily vanishingly small. In contrast to the conventional scattering, effects of the possible non-locality and entanglement are only moderately attenuated here.
As a hallmark of strong non-classicality, we predict an azimuthal asymmetry of the scattered electrons. For non-relativistic but fast electrons focused to a subnanometer spot, the asymmetry reaches the values of 10%, which can be reliably detected with existing technology. The effect vanishes for very wide beams, a/σ ⊥ → 0, and when the impact parameter between the two Gaussians of the cat state is too large, r 0 ≫ σ ⊥ . Quantum beams of massive particles (first of all, of electrons) with the not-everywhere positive Wigner functions can become a useful tool for probing the interiors of atoms and molecules, as well as for quantum information purposes, along with the vortex electrons for instance, and for solid-state physics. For the sake of brevity, we set = 1. All vectors, except Q and p f , have two components: p ≡ {p x , p y , 0}.
Wigner function of a Schrödinger's cat state
Consider a system of two Gaussian wave packets moving along the z axis with the same mean momentum {0, 0, p i }, with the coordinate uncertainties σ z and σ ⊥ , and separated by a distance 2r 0 ≡ 2{x 0 , y 0 , 0}. Its transverse wave function in the momentum representation is a coherent superposition of two one-particle packets:
where
is a wave function of one packet. We will call the states ψ 1+1 and ψ 1−1 an even cat state and an odd one, respectively. The corresponding Wigner function at t = 0 is (see, for instance, [19] ) 
is an everywhere-positive Wigner function of one packet. It is the last term in the parentheses, cos(2r 0 p), that is responsible for possible negativity in some regions of the phase space. The function W 1+1 turns negative when
i.e. the distance between the two packets gets larger than the packet's width σ ⊥ (see Fig.1 ), but stays everywhere positive when r 0 σ ⊥ (see Fig.2 ). The function W 1−1 , on the contrary, has prominent negative regions even when r 0 ≈ σ ⊥ . For smaller values, r 0 < σ ⊥ , the odd cat state, unlike the even one, reveals a somewhat fermionic behavior with the Gaussians staying separated by the distance ≈ 2σ ⊥ , as shown in Fig.2 . That is why we will stick to the case r 0 ≥ σ ⊥ for the odd cat in what follows.
In an incoherent mixture of two one-particle Wigner functions,
which takes place for mixed states for instance [19] , the interference term is absent. As a result, this sum stays everywhere positive and looks exactly like the probability density shown in the upper panel of Fig.1 . 
Scattering of a Schrödinger's cat by atoms
Let us now study elastic scattering of such a system off a central potential with a radius a in the Born approximation. We consider an experimentally relevant scenario in which (i) the packet's longitudinal size σ z is larger than the field radius, σ z ≫ a, and (ii) the packet's dispersion in the transverse plane is negligible during the collision, that is,
Under these assumptions, which can be rewritten as
the scattering amplitude is given by Eqs. (29),(30) of the Ref. [16] where one can put
Then instead of a single scatterer we take a realistic target with a density of atoms n(b), normalized as d 2 b n(b) = 1, and with a width σ t ≫ a. A number of scattering events for an incident beam of N e electrons, according to Eq.(41) from Ref. [17] , can be represented as follows:
where we have changed the variables:
, and Q = p f − p iẑ with p f being a 3D momentum of the final (plane-wave) electron:
Finally, a real function f (Q) is the scattering amplitude in the Born approximation.
When the density n(b) varies at distances of the order of σ t ≫ a, only the small values of k 1/σ t ≪ 1/a contribute to the integral. Therefore one can expand the amplitudes as follows:
Within this accuracy, the integral over k brings the projectile's Wigner function W (b, p) and we arrive at the following simple formula:
Clearly, possible negative values of the Wigner function diminish the number of events. When the target is homogeneous and very wide, one can put
and the corresponding number of events,
reproduces Eq.(38) from Ref. [16] .
As a simplest example we take a packet with the everywhere positive Wigner function (4) scattered by a Gaussian target with
The result is
⊥ . As can be readily seen, this expression does not depend on the azimuthal scattering angle ϕ, as one can substitute ϕ p − ϕ → ϕ p , even if the target's center b 0 does not coincide with the one of the incident packet. Such an azimuthal degeneracy is a consequence of the Born approximation and the condition of the wide target. Likewise, there is no azimuthal dependence for an incoherent sum of the packets (5) .
In order to restore this dependence one should either go beyond the first Born approximation or take a coherent sum of the incident packets with a Wigner function that is not necessarily everywhere positive. In the latter case, we take the Schrödinger cat (3) and the same Gaussian target. This time we obtain
As a specific example, we take a target made of hydrogen in the ground 1s state for which Then using Eq.(54) from Ref. [16] we can integrate over p and get the following final result:
.
One may call dσ 1±1 dΩ = 2πΣ
2 N e dν 1±1 dΩ an effective cross section, as it stays finite for the very wide target, Σ ≈ σ t → ∞.
The interference term in (12) turns to unity for the wide packets and a small target, a ≪ σ ⊥ , but for the wide target and the well-focused packets, σ t ≫ σ ⊥ a, it results in an azimuthal asymmetry. This asymmetry of the scattered electrons exists only for the moderate distances between the packets, r 0 σ ⊥ a, and it vanishes when either r 0 → 0 (for an even cat state, for an odd one this limit has no sense) or r 0 ≫ σ ⊥ . Two wave packets of electrons focused to σ ⊥ ∼ 0.1 nm, as in the experiment [18] , and separated by a comparable distance can do the job.
As shown in Figs. 3, 4 , an azimuthal variation of the cross section can reach 10% for such beams. Clearly, the effect is stronger for the odd cat state with r 0 ≈ σ ⊥ , but for r 0 = 2σ ⊥ − 3σ ⊥ it is nearly the same as for the even cat. Width of the distributions over the scattering angle θ in Fig.4 is determined by the packet's mean momentum. For higher energies, the peak shifts to smaller angles (it's around 5
• for p i = 30/a), whereas for lower ones it moves to larger polar angles and widens. Meanwhile, the value of the azimuthal asymmetry persists.
With the increasing beam width σ ⊥ , the asymmetry drops as σ −2 ⊥ . For instance, for σ ⊥ = 4a (FWHM ≈ 0.5 nm) it is 0.1% − 1%. With high statistics, which is feasible in atomic collisions with subnanometer-sized wave packets [7] , such variations can be reliably detected.
Summary
Unlike cats, Gaussian beams are azimuthally symmetric entities with the everywhere positive Wigner functions. The coherent superposition of two of them no longer possesses this property and the negative values of its Wigner function become prominent when the quantum interference gets strong. In this regime, scattering of such a cat state by atoms reveals the azimuthal asymmetry, a phenomenon accessible neither in the paraxial (plane wave) approximation nor in the quasi-classical regime. As beams of the modern electronic microscopes can already be focused to a subnanometer-sized spot, detection of this purely quantum effect is feasible with existing technology. For hydrogenic targets, we predict the asymmetry of the order of 1% − 10% when the impact-parameter between the two Gaussians of the cat state does not exceed the beam width much.
Although fulfillment of the latter requirement seems challenging (but not unfeasible), production of such quantum beams of massive particles with the Wigner functions that are not everywhere positive can provide access to the previously unexplored ultra-quantum regime of scattering, thus giving us new tools for atomic physics, quantum information, and solid-state physics. Along with the Schrödinger's cat, these beams may include coherent superpositions of the vortex electrons, of Airy beams [20] , etc.
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